
1. Problem 1: Alice’s Study Habits — Stochastic Processes
Adapted from Bertsekas & Tsitsiklis, Ch. 6, Example 6.4

Alice is taking a probability class and in each week she can be either up-to-date (state 1) or behind
(state 2). If she is up-to-date in a given week, the probability that she will be up-to-date the next week
is 0.8, and behind is 0.2. If she is behind in a given week, the probability that she will be up-to-date
the next week is 0.6, and behind is 0.4.

The transition probability matrix is: 𝑃 = (0.80.6 0.20.4)
(a) Write the balance equations for the stationary distribution 𝝅 = (𝜋1, 𝜋2).
(b) Solve for the stationary distribution 𝝅.

(c) In the long run, what fraction of weeks is Alice up-to-date?

(d) If Alice starts behind (state 2), what is the probability that she is up-to-date two weeks later?
(Compute 𝑟21(2) using the Chapman-Kolmogorov equation or by computing 𝑃2.)



3. Problem 3: MLE for an Exponential Distribution — Maximum
Likelihood Estimation

Adapted from Matloff, Ch. 18, Section 18.1.3

Suppose 𝑋1,𝑋2,…,𝑋𝑛 are a random sample from an exponential distribution with parameter 𝜆 > 0
(rate), so the density is: 𝑓(𝑥; 𝜆) = 𝜆𝑒−𝜆𝑥, 𝑥 > 0
(a) Write down the likelihood function 𝐿(𝜆).
(b) Write down the log-likelihood function ℓ(𝜆).
(c) Find the MLE 𝜆̂ by differentiating the log-likelihood, setting equal to zero, and solving.

(d) Verify that this is a maximum (not a minimum).

(e) Show that 𝜆̂ is an unbiased estimator of 𝜆.





3. Problem 3: MLE for an Exponential Distribution — Maximum
Likelihood Estimation

Adapted from Matloff, Ch. 18, Section 18.1.3

Suppose 𝑋1,𝑋2,…,𝑋𝑛 are a random sample from an exponential distribution with parameter 𝜆 > 0
(rate), so the density is: 𝑓(𝑥; 𝜆) = 𝜆𝑒−𝜆𝑥, 𝑥 > 0
(a) Write down the likelihood function 𝐿(𝜆).
(b) Write down the log-likelihood function ℓ(𝜆).
(c) Find the MLE 𝜆̂ by differentiating the log-likelihood, setting equal to zero, and solving.

(d) Verify that this is a maximum (not a minimum).

(e) Show that 𝜆̂ is an unbiased estimator of 𝜆.



4. Problem 4: MLE for a Discrete Distribution — Maximum Like-
lihood Estimation

Adapted from Matloff, Ch. 18, Sections 18.1.6–18.1.7

Suppose a random variable 𝑋 takes values 1, 2, and 3 with probabilities 𝑐, 𝑐, and 1 − 2𝑐, respectively,
where 0 < 𝑐 < 1/2.

We have a random sample 𝑋1,…,𝑋𝑛 from this distribution. Let 𝑁1, 𝑁2, 𝑁3 denote the number of
observations equal to 1, 2, and 3, respectively (so 𝑁1 +𝑁2 + 𝑁3 = 𝑛).

(a) Find the Method of Moments estimator 𝑐MoM of 𝑐.
(b) Show that 𝑐MoM is unbiased.

(c) Write down the log-likelihood function for 𝑐.
(d) Find the MLE 𝑐MLE.



5. Problem 5: Simple Linear Regression — Linear Regression
Adapted from Matloff, Ch. 22, Section 22.6 (Baseball Data example)

A simple linear regression of baseball players’ Weight (𝑌 , in pounds) on Height (𝑋, in inches) yields
the following R output (based on 𝑛 = 1033 players):

Coefficient Estimate Std. Error
Intercept (𝛽0) −155.092 17.699
Height (𝛽1) 4.841 0.240

Additionally: Residual standard error: 17.78, 𝑅2 = 0.2829.

(a) Write down the fitted regression equation.

(b) Predict the weight of a player who is 72 inches tall.

(c) Construct an approximate 95% confidence interval for the true slope 𝛽1. Interpret it.

(d) A player who is 72 inches tall actually weighs 210 lbs. What is the residual for this observation?

(e) Interpret 𝑅2 = 0.2829 in context.

(f) Suppose we test 𝐻0 : 𝛽1 = 0. The test statistic is 𝑡 = 𝛽1/ s.e.(𝛽1). Compute it and state whether
we reject 𝐻0 at the 5% level.



6. Problem 6: Least Squares Derivation and Residuals — Linear
Regression

Adapted from Matloff, Ch. 22, Sections 22.5 and 22.10

Consider 𝑛 paired observations (𝑥1, 𝑦1),…, (𝑥𝑛, 𝑦𝑛). We wish to fit the linear model 𝑦 = 𝛽0 + 𝛽1𝑥
by minimizing the sum of squared residuals:SSR =∑𝑛𝑖=1 (𝑦𝑖 − 𝛽0 − 𝛽1𝑥𝑖)2
(a) Take partial derivatives of SSR with respect to 𝛽0 and 𝛽1, set them equal to zero, and show that
the normal equations are: 𝑛𝛽0 + 𝛽1∑𝑥𝑖 =∑𝑦𝑖𝛽0∑𝑥𝑖 + 𝛽1∑𝑥2𝑖 =∑𝑥𝑖𝑦𝑖
(b) Solve these to show that 𝛽1 = ∑(𝑥𝑖−𝑥)(𝑦𝑖−𝑦)∑(𝑥𝑖−𝑥)2  and 𝛽0 = 𝑦 − 𝛽1𝑥.

(c) A small dataset has 𝑛 = 5 points: (1, 2), (2, 4), (3, 5), (4, 4), (5, 5). Compute 𝛽1 and 𝛽0.

(d) Compute the five residuals and verify that they sum to zero.





7. Problem 7: Confidence Interval for Difference of Means — Hy-
pothesis Testing

Adapted from Matloff, Ch. 16, Section 16.6.2 (Network Security example)

In a network security study, researchers compare round-trip packet travel times for wired and wireless
networks. The summary statistics are:

Sample Mean (𝑋) Std. Dev. (𝑠) Size (𝑛)
Wired 2.00 ms 6.30 ms 436
Wireless 11.52 ms 9.94 ms 344

(a) State the null and alternative hypotheses for testing whether the population mean round-trip times
differ between wired and wireless networks.

(b) Construct an approximate 95% confidence interval for 𝜇wireless − 𝜇wired.

(c) Compute the test statistic 𝑍 for testing 𝐻0 : 𝜇wireless − 𝜇wired = 0.

(d) What is your conclusion at the 5% significance level? Interpret in context.

(e) The reported 𝑝-value is approximately 2.2 × 10−16. Does this tiny 𝑝-value mean the difference is
large? Explain carefully.



8. Problem 8: Hypothesis Test for a Proportion — Hypothesis
Testing

Adapted from Matloff, Ch. 17, Sections 17.1 and 17.4

A coin will be flipped at the Super Bowl to determine the first kickoff. To assess fairness, you toss the
coin 𝑛 = 100 times and observe 62 heads. Let 𝑝 denote the true probability of heads.

(a) State the null and alternative hypotheses for testing whether the coin is fair.

(b) Under 𝐻0, write down the distribution of 𝑝 (the sample proportion of heads) and the test statistic𝑍 .

(c) Compute 𝑍 for the observed data.

(d) At the 𝛼 = 0.05 significance level, do we reject 𝐻0? Explain.

(e) Compute the 𝑝-value for this test. Interpret it.

(f) Now suppose we only toss the coin 10 times and decide to reject 𝐻0 if we get 8 or more heads
(using a one-sided test 𝐻𝐴 : 𝑝 > 0.5). What is the exact significance level 𝛼?
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